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2is eectively broken, i.e. x = mV  1. At the other extreme, when the quarks are very
heavy, their inuence eventually becomes negligible and the susceptibility approaches its
quenched value which is known to be 
q
= (203  5MeV)
4
[2]. Recently it has also been
discussed by S. Durr how the susceptibility is expected to behave for intermediate quark
masses [3]. Starting with the observation that besides the light quarks the nite volume of
the system also suppresses higher topological sectors and noting that these two mechanisms
are independent, he derived an essentially unique formula for the susceptibility. In terms of
























are independently known therefore this formula has no free parameter.
Recently several attempts have been made to check these predictions against numeri-
cal simulations on the lattice but the situation is still rather controversial. Some lattice
simulations show only very slight or no suppression of topological uctuations [4, 5, 6].
The latest UKQCD results [7] obtained with improved Wilson fermions agree well with the
Leutwyler-Smilga prediction of Eq. (2), even beyond its expected range of validity and the
UKQCD susceptibility is still signicantly higher than what Durr's interpolation formula
(3) anticipates.
To understand why lattice simulations do not show the expected fermionic suppression
of the topological susceptibility, let us briey look at the physical mechanism that leads to
this suppression. In the background of a charge Q smooth gauge conguration the Dirac
operator D has (at least) jQj zero eigenvalues for each avor, due to the Atiyah-Singer index
theorem. The quark eective action | obtained after integrating out the fermions | for
N
f
avors is proportional to det
N
f




to lowest order in the quark mass. This leads to the suppression of higher Q sectors
and thus the topological susceptibility. All this is true for smooth gauge eld congurations
in the continuum. The situation in lattice simulations however is rather dierent. Lattice
gauge congurations do not possess a topological invariant, as any two congurations can
be continuously deformed into each other. Besides, lattice Dirac operators in general do not
have exact zero eigenvalues. In short, the very basis of the physical mechanism of topology
suppression, the index theorem, does not hold on the lattice. Nevertheless, there is still an
\approximate" index theorem which probably reproduces the exact index theorem in the
3continuum limit.
Among the many equivalent formulations of lattice QCD there is a family of notable
exceptions to this rather unfavorable situation concerning topology. Recently, through the
overlap formulation [8], it has become possible to put fermions on the lattice while preserving
an exact chiral symmetry [9]. The corresponding overlap Dirac operator possesses exact zero








are the number of positive/negative chirality zero modes of D. This means that
one has an exact \index theorem" not only in the continuum but also at any nite lattice
spacing [14].
Unfortunately lattice simulations with dynamical overlap fermions have so far been pro-
hibitively expensive. In the present paper we demonstrate that for computing the topo-
logical susceptibility a full edged dynamical simulation is not needed. We show that the
quark-mass dependence of the susceptibility can be obtained with a suitable reweighting
of a quenched ensemble. Our results turn out to agree rather well with Durr's formula.
This provides strong evidence that (3) is indeed the correct interpolating formula for the
susceptibility for intermediate quark masses and also suggests that chirality of the fermion
action is crucial for the correct suppression of the topological susceptibility.





of quenched gauge eld
congurations with only the pure gauge measure. In principle the topological susceptibility


















) is the Dirac operator and Q
i
is the charge in the background of the gauge
conguration U
i




factor. In principle this is a correct procedure, in practice however it is useless
since control over the statistical errors is lost exponentially with increasing volume. The
crucial observation is that it is only the small eigenvalues of D that are correlated with













; : : : 
N
g are the N smallest magnitude eigenvalues of D. This truncation of
the determinant drastically reduces its variation within each topological sector and turns
out to make the reweighting practicable in a physically useful range of volumes. The upshot
is that once the lowest N eigenvalues of D are known on an ensemble of quenched gauge
congurations, the full quark-mass and N
f
dependence of the susceptibility can be easily
obtained. The only caveat is that for smaller quark mass and larger N
f
the determinant
uctuates more and consequently the errors increase.
The simulations were done with the Wilson plaquette action at  = 5:85 corresponding
to a lattice spacing of a = 0:123 fm. To get an idea of nite size eects, two dierent




which correspond to V = 0:94 fm
4
and V = 2:29 fm
4
respectively. The smaller is still in the conned phase and the quenched susceptibilities in
the two volumes are almost compatible. The overlap action that we used for the fermions
was constructed by inserting the c
sw
= 1:0 clover operator with 10 times APE smeared gauge
links [10] into the overlap formula,
D
ov















The inverse square root was approximated with Chebyshev polynomials after treating the






exactly [11]. Requiring a relative precision
of 10
 5
for the Chebyshev approximation, a multiplication by the overlap operator was
approximately 70-80 times more expensive than a multiplication by the clover operator.
For both volumes we computed the lowest 64 eigenvalues of D
ov
on an ensemble of 1000
gauge congurations using the implicitly restarted Arnoldi method as implemented in the
ARPACK package [12]. The full run took a total of about 20 months of CPU time on current
specication PC's.
The rst question that arises is where exactly we should truncate the determinant. To
answer this, we compared the spectral density of the Dirac operator in the various topological
sectors on the ensemble with the larger volume. In Fig. 1 we plotted the spectral density of
D
ov
per gauge conguration after omitting the exact zero eigenvalues. As expected [1], the
density around  = 0 drops signicantly as jQj increases but above a  0:2 the densities
in dierent charge sectors become equal. Eigenvalues above this point do not contribute to



















FIG. 1: The spectral density of the overlap Dirac operator in dierent Q
sectors.
the relative weight of dierent topological sectors since they give equal contributions to the
determinant in each sector. On the other hand, the inclusion of higher eigenvalues would
signicantly increase the uctuations of the determinant within each sector, leading to a
rapid deterioration of the accuracy. Moreover the upper part of the spectrum is expected to
be more aected by discretization errors.
Due to the reweighting, special care must be taken when estimating the errors. To
illustrate why this is important, let us assume that x = log det(D + m)
Q
is a Gaussian
random variable with variance . (The determinant is restricted to a xed topological










error are good estimates of the average he
x
i and its uncertainty. This is true if the means
of many such samples, have a Gaussian distribution. This in turn will depend on  and the
sample size n and unfortunately the minimal needed sample size grows exponentially with .
In the present case  is proportional to the number of included eigenvalues. Therefore when
truncating the determinant, only as many eigenvalues should be included as are necessary
to capture all the dierences among the topological sectors. For the volume at hand, all
the eigenvalues below a = 0:22 are included with a truncation to the smallest N = 16

























and N = 8 eigenvalues in the larger and the smaller volume respectively. These are the
truncations we shall use here.
The variance of x also grows when the quark mass becomes small and with our xed
sample size it will eventually be too large for the mean to be Gaussian distributed. Even in
this case however, the mean is a valid estimator for the average and its uncertainty can be
reliably assessed by generating many samples of size n with Monte Carlo and studying their
distribution. Making use of this bootstrap type procedure we computed the error bars at
the 67% and 95% condence level. For comparison we also computed the naive jack-knife
error bars which indicate the 67% condence level provided the mean is Gaussian. The three
types of error bars are compared in Fig. 2. For small pion mass, where the reweighting is
more severe, the jack-knife procedure grossly underestimates the 67% error and moreover
the 95% error bar is larger than two times the 67% bootstrap error. This shows that in
this regime the distribution of the mean is far from Gaussian. A comparison of the dierent







In Fig. 3 and 4 we present the main results of this paper, the susceptibility versus the
pion mass with N
f
= 2 avors of overlap fermions. Both the susceptibility and the pion















FIG. 3: The topological susceptibility vs. pion mass in a box volume of V =
0:94 fm
4
. Error bars indicate the 67% and 95% condence levels, estimated
with a bootstrap type procedure. The shaded region shows the quenched
susceptibility.
mass are translated into dimensionless units with the help of the Sommer scale r
0
= 0:49











= 0:062(4) (smaller volume) obtained on the two ensembles without
any reweighting. The quoted errors are only statistical, we did not include any additional









. Although the smaller volume
probably suers somewhat from nite size eects, the results in the two volumes are almost




For comparison we also plotted Durr's formula of Eq. (3) using our measured quenched
susceptibility on the corresponding ensembles and the known value f

= 93 MeV of the pion
decay constant. Since Eq. (3) is valid in the innite volume limit and our volumes are not
particularly big, we also plotted the curves corresponding to the two volumes at hand. They
are rather easy to compute numerically following Durr's assumption that the relative weight















FIG. 4: The topological susceptibility vs. pion mass in a box volume of
V = 2:29 fm
4
. Otherwise as Fig. 4.
















is the quenched relative weight, x is the Leutwyler-Smilga parameter













are modied Bessel functions. It is important to note here that the lattice spacing
and as a consequence also the volume of the system changes with the quark mass. Since
all our results are presented in dimensionless units, this has no bearing on the reweighted
susceptibilities in Figs. 3 and 4. On the other hand the change of volume has to be taken into
account when evaluating the nite volume version of Durr's formula. We used reweighted
Wilson loops to estimate how the Sommer parameter | that we use to set the scale | and
as a result the volume changes with the quark mass.
To illustrate this point, in Fig. 5 we plotted how the Sommer scale changes relative to
the quenched r
0
as a function of the pion mass. We have not presented error bars here but
since the reweighting is the same as that of the susceptibility, Fig. 2 indicates that errors






 5   10. Below this, the nite volume curves in
Figs. 3 and 4 are not to be trusted. We have to note that already the \quenched volume"
















FIG. 5: The ratio of the unquenched and quenched Sommer scale versus the
pion mass.






 5 it \shrinks" down to
the connement scale. We should thus expect appreciable nite size eects on this volume.
Nevertheless, our reweighted data qualitatively follow Durr's nite volume curve. On the
larger volume the agreement seems to be satisfactory and also the nite size correction of






 10. We can thus conclude that nally we
have a successful picture of topology suppression by light quarks in the continuum and if
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